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Surface Plasmon Polaritons of a Symmetric Metamaterial Slab Waveguide
with a Hollow Core for Fluid Sensing
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We present a novel waveguide-type fluid sensor with symmetric metamaterial (MTM) slabs by
using surface plasmon polaritons (SPP). The presented fluid sensing slabs, consisting of MTM
claddings and a hollow core, are designed to have the SPP mode enhance the sensitivity of the fluid
sensor. SPP modes are surface waves propagating along the interfaces and decaying exponentially
in the transverse direction of the interfaces and are excited in the slabs when a fluid flows into the
hollow core, thereby producing evanescent field intensity higher than that of conventional slabs.
The eigenvalues of the guiding modes and the SPP mode were graphically derived by using new
dispersion equations in a one-dimensional five-layered structure, and the field distributions of the
guiding modes and the SPP mode were developed. By designing the refractive indices and widths
of the hollow core, the MTM slabs, and the fluid, we can achieve an evanescent field intensity along
the interfaces for the presented SPP fluid sensor.

PACS numbers: 41.20.Jb, 41.25.Bs, 42.25.Dd, 84.40.Ba
Keywords: Metamaterials, Surface plasmon polariton, Hollow core, Fluid sensor
DOI: 10.3938/jkps.67.663

I. INTRODUCTION

Recently, metamaterials (MTM), commonly referred
to as left-handed materials (LHM), have received con-
siderable attention in the scientific and the engineering
communities because of their having simultaneous neg-
ative permittivity (ε) and permeability (μ) [1–4]. The
MTM-core waveguides have some properties that are dif-
ferent from those of conventional right-handed materi-
als (RHM) waveguides, such as absence of fundamental
mode, double degeneracy of modes, and slow propaga-
tion sign-varying energy flux [5]. Due to such unusual
properties, MTM waveguides have been widely applied
to perfect superlenses [6], spatial filters [7], beam shaping
[8], and sensors [9–11]. In Refs. [9-11], an optical waveg-
uide using MTM was shown to enhance the evanescent
fields of slab waveguides. Because optical waveguide sen-
sors using evanescent waves, such as humidity, bio, chem-
ical, and fluid sensors, generally need evanescent fields
strong enough to detect even small changes in evanescent
fields to an external stimulus, MTM-waveguide sensors
can offer highly effective solutions due to their having
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enhanced evanescent fields.
A surface polasmon polariton (SPP) is an electromag-

netic surface wave travelling along the interface sepa-
rating a dielectric and a metal. It is produced by the
interaction of collective oscillations of free electrons in
the metal surface with the electromagnetic wave inci-
dent on the metal. SPPs have been widely studied since
the anomalous diffraction from a metallic grating was
first observed by Wood and Fano [12–14] and have been
applied in sub-wavelength optics, data storage, light gen-
eration, microscopy, and sensors [15].

Recently, SPP eigenmodes supported at the inter-
faces between a RHM and a MTM in generalized slab
heterostructures were identified and classified by Tsak-
makidis et al. [16]. Because a SPP is a kind of surface
wave that propagates along the interface and decays ex-
ponentially in the transverse direction (evanescent), in-
vestigations of SPPs propagating along MTM interfaces
are beneficial to practical applications owing to their nu-
merous possible applications and unexpected properties.
In this paper, we presented a waveguide-type fluid sen-
sor with MTM slabs by using the SPP mode, which im-
proved the amplification of the evanescent waves in the
presented structure, leading to enhanced performance of
fluid sensing.
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Fig. 1. (Color online) Structure of the presented slab.

II. SPP MODE DESIGN

Figure 1 shows a one-dimensional five-layered slab
which is infinite in the y- and z-directions. The slab
consists of a first semi-infinite air layer, a second MTM
layer with a thickness of (d1-d2), a third hollow core layer
with a thickness of d2, a fourth MTM layer with a thick-
ness of d4, and a fifth semi-infinite air layer. Each layer
has a permeability μi (i = 1 ∼ 5), a permittivity εi (i
= 1 ∼ 5), and a refractive index ni (i = 1 ∼ 5). The
hollow core layer with positive permeability μ3 and per-
mittivity ε3 is inserted between the MTM layers that are
surrounded by air. For simplicity, our investigation was
confined to only TE guided modes, Ey(x) exp[−j(βz −
ωt)], where is the angular frequency of the field and ω is
the propagation constant in the z-direction.

By using one-dimensional Helmholtz wave equations

∂2Ey

∂x2
+ (ω2με − β2)Ey = 0, (1)

the Ey fields at each layer can be described as

Ey(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ae−α1(x−d1), d1 ≤ x,

B cosh[α2(x − d2) + φ2], d2 ≤ x ≤ d1,

C cos(κ3x) + D sin(κ3x), 0 ≤ x < d2,

E cosh[α4(x + d4) + φ4], −d4 ≤ x ≤ 0,

Feα5(x+d4), x ≤ −d4,

(2)

where the transverse wave numbers α1, α2, κ3, α4, and
α5 correspond to the 1st, 2nd, 3rd, 4th, and 5th layer,
respectively, where

α1 =
√

β2 − k2
0μ1ε1,

α2 =
√

β2 − k2
0μ2ε2,

κ3 =
√

k2
0μ3ε3 − β2, (3)

α4 =
√

β2 − k2
0μ4ε4,

α5 =
√

β2 − k2
0μ5ε5.

With the boundary conditions, the tangential component
Ey is continuous at x = d1, d2, 0, and −d4, and the
coefficients of Ey are determined as follows:

A =
1

cos φ2
[C cos(κ3d2) + D sin(κ3d2)]

× cosh[α2(d1 − d2) + φ2],

B =
1

cos φ2
[C cos(κ3d2) + D sin(κ3d2)], (4)

E =
1

cosh[(α4d4) + φ4]
C,

F =
cosh(φ4)

cosh[(α4d4) + φ4]
C.

From Eq. 3, the Ey field at each layer can be given by

Ey(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
cos φ2

[C cos(κ3d2) + D sin(κ3d2)] cosh[α2(d1 − d2) + φ2]e−α1(x−d1), d1 ≤ x,

1
cos φ2

[C cos(κ3d2) + D sin(κ3d2)] cosh[α2(x − d2) + φ2], d2 ≤ x ≤ d1,

C cos(κ3x) + D sin(κ3x), 0 ≤ x < d2,

1
cosh[(α4d4)+φ4]

C cosh[α4(x + d4) + φ4], −d4 ≤ x ≤ 0,

cosh(φ4)
cosh[(α4d4)+φ4]

Ceα5(x+d4), x ≤ −d4.

(5)
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Fig. 2. (Color online) (a) Dispersion curves and (b) field
distribution of the symmetric five-layered slab waveguide for
the oscillating TE2 guided modes.

Using the boundary conditions that the tangential com-
ponent Hz is continuous at x = d1, d2, 0, and −d4 , we
can obtain the following equations:

1
μ1

(−α1)A =
1
μ2

α2B sinh[α2(d1 − d2) + φ2],

1
μ2

α2B sinhφ2 =
1
μ3

[−κ3C cos(κ3d2) + κ3D sin(κ3d2)],

1
μ3

κ3D =
1
μ4

α4E sinh[α4d4 + φ4], (6)

1
μ4

α4E sinh[α4d4 + φ4] =
1
μ5

α5F.

By substituting Eq. 4 to Eq. 6, the values of φ2, φ4, C,
and D are determined as follows:

D = qC,

q =
μ3

μ4

α4

κ3
tanh[(α4d4) + φ4],

p =
μ3

μ2

α2

κ3
, (7)

tanh(φ4) =
μ4

μ5

α5

α4
,

tanh[α2(d1 − d2) + φ2] = −μ2

μ1

α1

α2
.

Fig. 3. (Color online) (a) Dispersion curve and (b) field dis-
tribution of the presented slab waveguide for the SPP mode.

When κ3 is real and k2
0μ3ε3 > β2 > k2

0μ2ε2 > k2
0μ1ε1,

oscillating guided modes can exist in the third RHM-
core layer, and we can obtain the dispersion equation of
guided modes from Eq. 6 as follows:

tanκ3d2 =
q + p(− tanh φ2)
1 − qp(− tanh φ2)

. (8)

Equation 8 can be expressed as follows:

κ3d2 = mπ + tan−1 q + tanh−1[−p tanh(φ2)].] (9)

Equation 9 is a transcendental equation and cannot be
solved analytically; therefore, we use a graphical method
to determine κ3 for the guided modes. After putting the
right-hand side of Eq. 9 to f(κ3), we draw both the left-
and the right-hand sides of the equation and find the
crossing points of the characteristic curves. The crossing
points correspond to eigenvalues for the guided modes.

The left- and the right-hand sides of the characteristic
equation, Eq. 5 of a symmetric five-layered slab waveg-
uide are plotted in Fig. 2(a) with red solid and blue
dashed lines, which correspond with the mode numbers
on the right-hand side of Eq. 9. The crossing points of
the characteristic curves in Fig. 2(a) give the eigenvalues
of κ3 while the first-crossing point represents the TE2

mode. The constitutional parameters were as follows: λ
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= 1 μm, (μ1 = 1, ε1 = 1), (μ2 = −2, ε2 = −2), (μ3 =
4, ε3 = 4), (μ4 = −2, ε4 = −2), and (μ5 = 1, ε5 = 1).
The thicknesses of the 2nd and 3rd and 4th layers were
1 μm, 1 μm, and 1 μm, respectively.

Figure 2(b) shows the field distributions of the guided
TE2 mode of the symmetric five-layered RHM slab
waveguide. The mode number means the number of in-
tersections between the fields and the x-axis. As the fig-
ures show, the electric fields are oscillatory in the RHM-
core layer while becoming evanescent outside the MTM-
clad layers.

The surface guiding modes, special class of the guided
optical modes, exist under certain special conditions at
the interface separating two different dielectrics. The
negative permittivity and permeability of MTM slabs
allow the existence of surface guiding waves at the in-
terfaces with RHM layers. In particular, TE-polarized
surface waves exist when the magnetic permeability con-
stants of two dielectric materials have different signs
at the interface while TM-polarized surface waves exist
when the dielectric permittivity constants of the mate-
rials have different signs. In this study, we show the
existence of surface waves with TE polarizations in the
presented slab waveguide.

When κ3 is purely imaginary and β2 > k2
0μ3ε3 >

k2
0μ2ε2 > k2

0μ1ε1, surface modes are guided along the

interfaces. Hence, by replacing κ3 with iα3 in Eq. 8,
the dispersion equation for surface guided modes can be
obtained as follows:

tanh(α3d2) = − q + p[− tanh(φ2)]
1 + qp[− tanh(φ2)]

, (10)

where α2
3 = β2 − k2

0μ3ε3.
Figure 3 shows that the dispersion curve and the field

distribution of the SPP mode, which are calculated by
using the characteristic equation, Eq. 10, with the follow-
ing constitutional parameters: λ = 1 μm, (μ1 = 1, ε1 =
1), (μ2 = −2, ε2 = −2), (μ3 = 2.2, ε3 = 2.2), (μ4 = −2,
ε4 = −2), (μ5 = 1, ε5 = 1), (d1 = 0.2 μm), and (d1-d2 =
0.2 μm). In Fig. 3(a), the red dashed and the black solid
lines correspond to the right-hand side and the left-hand
side of the characteristic equation, Eq. 10, respectively,
and the crossing point of the characteristic curves gives
the eigenvalue α3 of the SPP mode. The Poynting vetor,
Sz = βE2(x)/(2ωμ), is directed along the z-axis, and the
directions of energy flux in the MTM layers are opposite
to those in the RHM-core layer because of the negative
permeability. We can get the net power flux in a slab
waveguide by using the normalized power in which the
unknown amplitude A of guided modes can be calculated
by using the condition (P1 + P2 + P3 + P4 + P5 = 1W):

P1 =
1
4

β

ωμ1

A2

α1
,

P2 =
1
4

β

ωμ2
B2

[
(d1 − d2) +

1
2α2

{sinh[2α2(d1 − d2) + 2φ2] − sinh(2φ2)}
]

,

P3 =
1
4

β

ωμ3
E2

[(
C2d2 +

CD

2κ3
+ D2d2

)
+

C2 − D2

2κ3
sin 2κ3d2 − CD

2κ3
cos(2κ3d2),

]
, (11)

P4 =
1
4

β

ωμ4
E2

[
d4 +

1
2α4

{sinh(2α4d4 + 2φ4) − sinh(2φ4)}
]

,

P5 =
1
4

β

ωμF

F 2

α5
.

III. CONCLUSION

In this paper, a waveguide-type fluid sensor with sym-
metric metamaterial (MTM) slabs was presented by us-
ing surface plasmon polaritons (SPP). The presented
fluid-sensing slab waveguide consisted of MTM claddings
and a hollow core, and the SPP mode was designed to
be excited in the slabs when a fluid flowed into the hol-
low core, thereby producing an evanescent field intensity
higher than that of conventional slabs. The eigenvalue
of the SPP was graphically derived by using new disper-
sion equations in a one-dimensional five-layered struc-
ture, and the field distributions of the SPP were devel-

oped. If the dimensions of the hollow core and the MTM
slabs are designed according to the refractive index of
the fluid, the presented SPP fluid sensor can achieve the
evanescent field intensity along the interfaces.
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